In this article, we study multiple attribute decision-making (MADM) problems with picture fuzzy numbers (PFNs) information. Afterwards, we adopt a Muirhead mean (MM) operator, a weighted MM (WMM) operator, a dual MM (DMM) operator, and a weighted DMM (WDMM) operator to define some picture fuzzy aggregation operators, including the picture fuzzy MM (PFMM) operator, the picture fuzzy WMM (PFWMM) operator, the picture fuzzy DMM (PFDMM) operator, and the picture fuzzy WDMM (PFWDMM) operator. Of course, the precious merits of these defined operators are investigated. Moreover, we have adopted the PFWMM and PFWDMM operators to build a decision-making model to handle picture fuzzy MADM problems. In the end, we take a concrete instance of appraising a financial investment risk to demonstrate our defined model and to verify its accuracy and scientific merit.
Introduction
Atanassov [1] defined intuitionistic fuzzy sets (IFSs), which are an extension of fuzzy sets (FSs) [2] . Atanassov and Gargov [3] and Atanassov [4] presented the definition of interval-valued IFSs (IVIFS); since then, FSs, IFSs, and IVIFSs have attracted more and more scholars' and researchers' attention [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Recently, Cuong and Kreinovich [17] developed the picture fuzzy set (PFS), and studied some basic operations, rules, and properties of PFS. Singh [18] explored the correlation coefficients of PFS. Son etc. [19, 20] presented several novel fuzzy clustering algorithms based on PFSs. Thong and Son [21] defined a novel hybrid model between picture fuzzy clustering and intuitionistic fuzzy recommender systems for medical diagnosis and application to health care support systems. Wei [22] proposed the picture fuzzy cross-entropy method to deal with multiple attribute decision-making (MADM) problems. Thong and Son [23] gave Automatic Picture Fuzzy Clustering (AFC-PFS) for determining the most suitable number of clusters for FC-PFS. Wei [24] assigned some cosine similarity measures of PFSs for strategic decision-making on the basis of traditional similarity measures [25] [26] [27] [28] [29] . Wei [30] also defined some similarity measures for PFSs. Wei [31] defined some aggregation operators for MADM problems with respect to PFSs based on traditional aggregation operators [14, [32] [33] [34] [35] [36] [37] . Wei [38] proposed some picture fuzzy Hamacher aggregation operators with traditional Hamacher operations [39] [40] [41] [42] . Zhang et al. [43] provided some relative projection models for PFSs. Wei [44] proposed the TODIM model for picture fuzzy MADM problems. Wang et al. [45] formulated a hybrid fuzzy MADM framework with PFSs. Wei et al. [46] designed PFN projection models to handle MADM problems. Wei [47] defined some picture 2-tuple linguistic Bonferroni mean Definition 1 ([17,65] ). A PFS A on the domain X is an object which denotes as:
where µ A (x) ∈ [0, 1] is known as the positive-membership degree function, η A (x) ∈ [0, 1] is known as the neutral-membership degree function, and ν A (x) ∈ [0, 1] is known as the negative-membership degree function. At the same time, for all ∀ x ∈ X, µ A (x), η A (x) and ν A (x) meet the following requirements: 0 ≤ µ A (x) + η A (x) + ν A (x) ≤ 1. Furthermore, the refusal-membership degree function is presented as π A (x) = 1 − (µ A (x) + η A (x) + ν A (x)). 
Definition 2 ([31]).
Assume that α = (µ α , η α , ν α ) and β = µ β , η β , ν β are two PFNs. The score function of α β can be denoted as S(α) = µ α − ν α and S(β) = µ β − ν β . Meanwhile, the accuracy functions of α and β are presented as H(α) = µ α + η α + ν α and H(β) = µ β + η β + ν β . Then, if S(α) < S(β), α < β; if S(α) = S(β), then
(1) If H(a) = H(β), α = β; (2) if H(a) < H(β), α < β.
Similar to the IFS [66, 67] , Wei [31] has proposed some operational rules for PFNs.
Definition 3 ([31]).
Assume that α = (µ α , η α , ν α ) and β = µ β , η β , ν β are two PFNs. Then,
According to Definition 3, Wei [31] obtained the following properties.
MM Operators
Muirhead [57] proposed the Muirhead mean (MM) operator.
Definition 4 ([57]
). Assume that a j (j = 1, 2, . . . , n) is a set of non-negative real numbers, and let P = (p 1 , p 2 , . . . , p n ) ∈ R n be a vector of parameters. Then
Then, we call MM P the Muirhead mean (MM) operator, where σ(j) (j = 1, 2, . . . , n) is any permutation of {1, 2, . . . , n}, and S n is the set of all permutations of {1, 2, . . . , n}.
Picture Fuzzy Muirhead Mean Aggregation Operators
In this part, based on PFN information and the MM operator, we are going to propose some new aggregation operators, including the PFMM operator and the PFWMM operator.
The PFMM Operator
Definition 5. Assume that α j = µ α j , η α j , ν α j (j = 1, 2, · · · , n) is a list of PFNs. The definition of the PFMM operator is expressed as:
is a set of PFNs. We can fuse all the PFN information by utilizing the PFMM operator, and the fused results are shown as:
Proof.
Thus,
Thereafter,
Furthermore,
Therefore,
Hence, (4) 
It is clear that the PFMM operator satisfies the following three properties.
Theorem 3 (Idempotency)
. If all α j (j = 1, 2, · · · , n) are equal, i.e., α j = α for all j, then
Theorem 5 (Monotonicity). Assume that α j (j = 1, 2, · · · , n) and α j (j = 1, 2, · · · , n) are two lists of PFNs. Let α j ≤ α j for all j. Then,
The PFWMM Operator
To take an attribute's weight into account, the picture fuzzy weighted MM (PFWMM) operator can be defined as follows.
is a list of PFNs. The PFWMM operator can be defined as:
is a group of PFNs. We can fuse all the PFN information by utilizing the PFWMM operator, and the fused results are shown as:
Hence, (14) 
It is clear that the PFWMM operator satisfies the following two properties.
Theorem 7 (Boundedness).
Assume that α j (j = 1, 2, · · · , n) is a group of PFNs. If
Theorem 8 (Monotonicity). Assume that α j (j = 1, 2, · · · , n) and α j (j = 1, 2, · · · , n) are two groups of PFNs. Let α j ≤ α j for all j. Then,
The PFDMM Operator
Qin and Liu [68] proposed the dual MM (DMM) as follows.
Definition 7 ([68]
). Assume that a i (i = 1, 2, . . . , n) is a set of non-negative real numbers, and let P = (p 1 , p 2 , . . . , p n ) ∈ R n be a vector of parameters. Then,
Then, we call DMM P the dual MM (DMM) operator, where σ(j) (j = 1, 2, . . . , n) is any permutation of {1, 2, . . . , n}, and S n is the set of all permutations of {1, 2, . . . , n}.
Combining the PFN information and the DMM operator, the definition of the PFDMM operator can be developed as follows.
is a group of PFNs, and let P = (p 1 , p 2 , . . . , p n ) ∈ R n be a vector of parameters. Then,
Then, we call PFDMM P the picture fuzzy DMM (PFDMM) operator, where σ(j) (j = 1, 2, . . . , n)
is any permutation of {1, 2, . . . , n}, and S n is the set of all permutations of {1, 2, . . . , n}.
Theorem 9.
Assume that α j = µ α j , η α j , ν α j (j = 1, 2, · · · , n) is a list of PFNs. We can fuse all the PFN information by utilizing the PFDMM operator, and the fused results are shown as:
Hence, (25) is kept. 
It is clear that the PFDMM operator satisfies the following three properties.
Theorem 10 (Idempotency).
Let α j (j = 1, 2, · · · , n) be equal, i.e., α j = α for all j. Then,
Theorem 11 (Boundedness). Assume that α j (j = 1, 2, · · · , n) is a list of PFNs. If
Theorem 12 (Monotonicity). Assume that α j (j = 1, 2, · · · , n) and α j (j = 1, 2, · · · , n) are two groups of PFNs, and let α j ≤ α j for all j. Then,
The PFWDMM Operator
To take an attribute's weight into account, the picture fuzzy weighted DMM (PFWDMM) operator can be defined as follows.
Definition 9.
Assume that α j = µ α j , η α j , ν α j (j = 1, 2, · · · , n) is a set of PFNs. The definition of the PFWDMM operator can be expressed as:
Theorem 13. Assume that α j = µ α j , η α j , ν α j (j = 1, 2, · · · , n) is a group of PFNs. We can fuse all the PFN information by utilizing the PFWDMM operator, and the fused results are shown as:
Then,
Hence, (35) is kept. 
It is clear that the PFWDMM operator satisfies the following two properties.
Theorem 14 (Boundedness).
Theorem 15 (Monotonicity). Assume that α j (j = 1, 2, · · · , n) and α j (j = 1, 2, · · · , n) are two groups of PFNs, and let α j ≤ α j for all j. Then,
Models for MADM with PFNs
According to the PFWMM (PFWDMM) operators, an MADM model with PFNs is briefly introduced in this part. Assume there are m alternatives A = {A 1 , A 2 , · · · , A m }, and n attributes
Construct the picture fuzzy decision matrix R = r ij m×n = µ ij , η ij , ν ij m×n , where µ ij means the positive-membership degree function that the alternative A i meets the attribute G j , η ij is the neutral-membership degree function that the alternative A i does not meet the attribute G j , ν ij denotes the negative-membership degree function that the alternative A i does not meet the attribute G j ,
Afterwards, we utilize the PFWMM (PFDWMM) operator to solve MADM problems with PFN information.
Step 1. We fuse the PFN information given in matrix R by using the PFWMM operator
Or the PFWDMM operator
to obtain the overall preference results α i (i = 1, 2, · · · , m) of the alternative A i .
Step 2. Compute the score values S(α i ) (i = 1, 2, · · · , m) of the overall PFNs α i (i = 1, 2, · · · , m) to order all the alternatives A i (i = 1, 2, · · · , m). If two scores S(α i ) and S α j are equal, we can compute the accuracy values H(α i ) of the overall PFNs α i , and then order the all the alternatives A i .
Step 3. Order all the alternatives A i (i = 1, 2, · · · , m) and select the best choice by S(α i ) (i = 1, 2, · · · , m).
Step 4. End.
Numerical Example and Comparative Analysis

A Numerical Example
As a transitional state, China has implemented reform and an opening-up policy for more than 30 years. During this period, China's economy has made marvelous achievements, and so did reform in financial circles. However, people still worry about the accumulation of financial risks and other factors that make a financial system unstable. China did successfully bear the impact of the global financial crisis in 2008; however, this does not mean that our financial system has the ability to resist any risk. In fact, there are many potential factors that can make our financial system unstable. Thus, in this section, we shall present a numerical example for evaluating financial investment risk with IVPULNs in order to illustrate the method proposed in this paper. The project's aim is to evaluate the best financial investment alternatives from the different financial investment alternatives in an enterprise financial risk environment. In order to select most desirable enterprise, the desirability levels of five possible financial investment alternatives A i (i = 1, 2, 3, 4, 5) are evaluated. The team of experts must make a decision according to the following four attributes: 1 G 1 is the market risk; 2 G 2 is the enterprise's operation and management risk; 3 G 3 is the enterprise's assets structure risk; and 4 G 4 is the environmental risk. The experts use the above attributes to evaluate the five possible financial investment alternatives A i (i = 1, 2, · · · , 5) by using the PFNs by the decision-makers under the above four attributes (whose weighting vector is ω = (0.3, 0.2, 0.4, 0.1)), and construct the following matrix R = r ij 5×4 as shown in Table 1 . To select the most desirable financial investment alternative, we use the PFWMM (PFWDMM) operator to solve the MADM model with PFNs. The computing steps are listed as follows.
•
Step 1. Based on Table 1 , fuse all PFNs r ij (j = 1, 2, · · · , n) by utilizing the PFWMM (PFWDMM) operator to obtain the overall PFNs α i (i = 1, 2, 3, 4, 5) of the financial investment alternative A i .
The fused values are listed in Table 2 .
Step 2. Based on the fused values shown in Table 2 , the score values of the financial investment alternatives are given in Table 3 .
Step 3. Based on the score values of the overall alternatives (Table 4) , we can rank all the alternatives, and the ranking of the financial investment alternatives is slightly different. 
Comparative Analysis
In addition, a comparative analysis was made between the PFWMM(PFWDMM) operator and the PFWA and PFWG operators defined by Wei [31] . The comparative results are given in Table 5 . From above, we can see that the fused values are slightly different in the ordering of the alternatives to show the accuracy and scientific merit of the proposed approaches. However, the PFWA and PFWG operators have the limitation of not considering the relationships between the attributes in the fused information. Our defined PFWMM and PFWDMM operators have the advantage of taking the interaction relationships among any number of attributes into account, and can be more effective and accurate.
Conclusions
Aggregation operators have become a hot issue and an important tool in the decision-making fields in recent years. However, they still have some limitations in practical applications. For example, some aggregation operators suppose that the attributes are independent of each other. However, the MM operator and the dual MM operator have a prominent characteristic: they can consider the interaction relationships among any number of attributes by a parameter vector λ. According to the MM operator and the dual MM operator, in this article, we defined some new MM and DMM aggregation operators to deal with MADM problems under a PFN environment, including the PFMM operator, the PFWMM operator, the PFDMM operator and the PFWDMM operator. Of course, the precious merits of these defined operators are investigated. Moreover, we have adopted PFWMM and PFWDMM operators to build some decision-making models to handle picture fuzzy MADM problems. In the end, we take a concrete instance of appraising a financial investment risk to demonstrate our defined model and to verify its accuracy and scientific merit. In the future, we can apply our defined PFN aggregation operators into other decision-making fields, such as the decision-making, risk analysis, and other fields that operate in an uncertain environment [54, [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] .
